Abstract. Let K be a field and g(K) a Chevalley group (scheme) over K. Let (B, N ) be the standard spherical BN -pair in g(K), with T = B ∩ N and Weyl group W = N/T . We prove that there exist non-trivial elements w ∈ W such that all representatives of w in N have finite order. This allows us to exhibit examples of subgroups of g(Qp) that act Weyl transitively but not strongly transitively on the affine building ∆ associated with g(Qp). Such examples were previously known only in the case when g(Qp) = SL 2 (Qp) and ∆ is a tree (see [AB1] ).
Introduction
In building theory, there are two important concepts of transitivity that are stronger than chamber transitive actions, namely strongly transitive and Weyl transitive actions (for the precise definitions, we refer to Section 2 below). Strongly transitive group actions on (thick) buildings are equivalent to BN-pairs, which is reason enough for studying them. However, if one considers buildings from the Wmetric point of view, there is another natural notion of transitivity, which was called "Weyl transitivity" in [AB1] . Strong transitivity is always defined with respect to a chosen (not necessarily complete) system of apartments of the building in question, whereas the definition of Weyl transitivity does not refer to apartments. It is well known that strong transitivity (with respect to any apartment system) always implies Weyl transitivity, and that these two notions are equivalent for buildings of spherical type. It was also expected that for non-spherical buildings Weyl transitivity is strictly weaker than strong transitivity. However, the first explicit examples of this type were documented only a few years ago in [AB1] , following some suggestions made by J. Tits in [T, Section 3.1, Example (b) ]. Tits suggested to analyze the actions of anisotropic groups over global fields on suitable Bruhat-Tits buildings, and in [AB1] this was done in the simplest case, namely for the norm 1 group of a quaternion division algebra D over Q acting on the Bruhat-Tits tree T p of SL 2 (Q p ) for suitable p. Provided that -1 is not a square in D, this yielded the first explicit examples of Weyl transitive actions which are not strongly transitive with respect to any apartment system. However, trees are rather special buildings, and the question remained whether one can produce examples of groups acting Weyl transitively but not strongly transitively on buildings of arbitrary (affine) type.
It is the goal of this paper to present some examples of this kind. Our approach here will not use anisotropic algebraic groups but will rather generalize a second type of counter-example discussed in Section 6.10.2 of [AB2] . Here, dense subgroups of SL 2 (Q p ) are exhibited that do not act strongly transitively on T p . By a general principle, formulated and proved as Proposition 3.4 in [AB1] and restated as Lemma 2.5 below, the density immediately implies that these subgroups act Weyl transitively. The argument given in [AB2, Section 6.10 .2] that shows that the actions are not strongly transitive appears to be rather special and is restricted to the tree case. Just based on this argument, it is not clear how to show for higher dimensions or different types that a given Weyl transitive action that is not strongly transitive with respect to a certain apartment system is in fact not strongly transitive with respect to any apartment system. In this paper we will generalize the group SL 2 (Q p ) to an arbitrary p-adic Chevalley group g(Q p ). The generalization of the argument given in [AB2, Section 6.10.2] that does the job is the following fact, which turns out to be true for all p-adic Chevalley groups g(Q p ): An explanation of how ∆ arises from g(Q p ) will be given in Section 3, and a proof of this proposition will be given in Section 4. Then, using arguments in Section 5, one obtains the following: Proposition 1.2. g(Q p ) has (many) dense torsionfree subgroups. The action of any such subgroup on ∆ is Weyl transitive but not strongly transitive with respect to any apartment system of ∆.
Some facts about strongly and Weyl transitive actions
Let ∆ be a thick building with associated Coxeter system (W, S) of finite rank |S|. Denote by C the set of chambers of ∆ and by δ : C × C −→ W the associated Weyl distance function. Recall that a group H is said to act Weyl transitively on ∆ if it acts on C preserving δ and such that for any given w ∈ W , the action of Let A be the complete system of apartments of ∆. By definition, a subset A ⊆ A is a system of apartments of ∆ if for any two C, C ′ ∈ ∆, there is a Σ ∈ A which contains C and C ′ . A type-preserving action of a group H on ∆ is called strongly transitive with respect to A if it is transitive on the set {(C, Σ) ∈ C×A | C ∈ Σ}. The action of H on ∆ is called strongly transitive if it is strongly transitive with respect to some system of apartments A of ∆. It is clear that H acts strongly transitively on ∆ with respect to a system of apartments A if it acts chamber transitively, and for some (and hence any) chamber C the stabilizer Stab H (C) acts transitively on {Σ ∈ A | C ∈ Σ}. Equivalently, H acts transitively on A, and for some (and hence any) Σ ∈ A the stabilizer Stab H (Σ) acts transitively on the set of chambers of Σ. It is well known that a group H acts strongly transitively on a thick building if and only if H admits a BN-pair. If ∆ is spherical, it is also well known that A is the only system of apartments of ∆, and that the following three statements for the action of a group H on ∆ are equivalent: (i) H acts Weyl transitively; (ii) H acts transitively on pairs of opposite chambers of ∆; (iii) H acts strongly transitively. In the following lemma we collect some further (easy) results which relate strong and Weyl transitivity. The proofs can be found in [AB1, Section 3] or in [AB2, Section 6.1.3].
Lemma 2.1. Let H be a group acting on the building ∆.
(
1) If H acts strongly transitively, then it also acts Weyl transitively. (2) If H acts Weyl transitively, then HΣ = {hΣ | h ∈ H} is a system of apartments of ∆ for any Σ ∈ A. (3) H acts strongly transitively if and only it acts Weyl transitively and there exists
an apartment Σ ∈ A such that Stab H (Σ) acts chamber transitively on Σ.
In view of (3) we make the following definition:
Definition 2.2. A type-preserving action of a group H on a building ∆ is called weakly transitive if there exists an apartment Σ ∈ A such that Stab H (Σ) acts chamber transitively on Σ.
It is clear that an action is strongly transitive if and only if it is both Weyl and weakly transitive. In order to find Weyl transitive actions that are not strongly transitive, one needs a group-theoretic criterion equivalent to weak transitivity. We will formulate such a criterion in the following situation, which we shall assume for the rest of this section:
Let G be a group acting strongly transitively on ∆ with respect to A. Fix an apartment Σ 0 in A, and set N = Stab G (Σ 0 ), T = {t ∈ N | tC = C for all chambers C in Σ 0 }. Note that N/T can be identified with the group of type-preserving automorphisms of Σ 0 , and hence with W .
Lemma 2.3. For a subgroup H of G, the following are equivalent:
Proof. Let Σ be any element of A. By assumption, there exists g ∈ G such that Σ = gΣ 0 . Hence Stab G (Σ) = gN g −1 , and the pointwise fixer of Σ in G is gT g −1 . So In the following sections we shall apply this set-up to the Chevalley group G = g(Q p ) and the associated affine building ∆, in which case an n 0 as in Corollary 2.4 can be found. On the other hand, we shall exhibit torsionfree subgroups of g(Q p ) which still act Weyl transitively on ∆. In order to establish the latter, we apply Proposition 3.4 of [AB1] . For the convenience of the reader, we restate this result below. 
Chevalley Groups and VRGD systems
Since the current group of interest is an arbitrary Chevalley group, in this section some background information about Chevalley groups is collected. Chevalley groups will also be established as examples of RGD systems, and p-adic Chevalley groups as examples of VRGD systems. For a more comprehensive review of Chevalley groups, one may consult [S] , and for a quick overview (the notation of which we will use here) see [AB2, Section 7.9.2] . For an overview of RGD (root group data) systems one may consult [AB2, Chapter 7] , and a reference for what we will call VRGD (valuated root group data) systems can be found in [W, Chapter 3] .
Given a complex semisimple Lie algebra g with root system Φ, there is a family of groups g(K) = g(Φ, Λ, K) parameterized by K and Λ. Here, K is an arbitrary field and Λ ⊇ Φ is a weight lattice arising from some faithful finite-dimensional representation V of g. Let V = γ V γ be the weight space decomposition of V , and let E be the Euclidean space spanned by the roots, with Euclidean inner product {, }. Also let s α denote the reflection in E about the hyperplane orthogonal to α, and define v, v
has generators x α (λ) for α ∈ Φ, λ ∈ K, and a series of relations that we will reference as they become necessary. For notational convenience, we define some important elements of g(K). For α ∈ Φ, λ ∈ K * , let
Define for each root α a subgroup U α := {x α (λ)|λ ∈ K}. As proved in [S, Corollary 1 to Lemma 18], the map (K, +) → U α given by λ → x α (λ) is an isomorphism. Also, for fixed α one has by [S, Lemma 28(a) ] that h α (λ)h α (µ) = h α (λµ). In this way, the algebraic structure of K is reflected in the structure of the Chevalley group. Now we will show that if K has a discrete valuation, the additional structure given by the valuation can also be encoded into the Chevalley group.
First we will see that (g(K), (U α ) α∈Φ ) is an RGD system. A pair (G, (U α ) α∈Φ ), where (U α ) α∈Φ is a family of subgroups of G, is called an RGD system provided the following axioms hold.
(RGD3): For each fundamental root α, U −α ≤ U + , where
A proof that (g(K), (U α ) α∈Φ ) satisfies the axioms is given in [AB2, Section 7.9.2], though here the axioms are in a slightly different (equivalent) form. We now assume that K has a (surjective) discrete valuation ν : K ։ Z ∪ {∞}. In later sections we will use K = Q p and ν = ν p . Let (V1) denote the property ν(λµ) = ν(λ) + ν(µ), let (V2) denote the property ν(λ + µ) ≥ max(ν(λ), ν(µ)), let (V3) denote the property ν(c) ≥ 0 for c ∈ Z, and let (V4) denote the property ν(−λ) = ν(λ).
The family of maps (φ α ) α∈Φ with φ α : U * α → Z is called a root group valuation provided that the following axioms hold:
where p γ and q γ are as defined in [W, Chapter 3] .
Definition 3.1. Let G be a group with a family of subgroups (U α ) α∈Φ . Let (φ α ) α∈Φ be a family of maps φ α : U α → Z. If (G, (U α ) α∈Φ ) is an RGD system and (φ α ) α∈Φ is a root group valuation then (G, (U α ) α , (φ α ) α ) is called a VRGD system. Now, in the particular case of G = g(K) where K has (surjective) discrete valuation ν, define for each α ∈ Φ a map φ α :
Proof. (VRGD0) holds trivially. (VRGD1) follows from (V2), (V4), and the canonical isomorphism (K, +) → U α . (VRGD2) follows from the Chevalley relation (R2) found after Lemma 20 of [S] , and from (V1) and (V3).
Next we check (VRGD3). By [AB2, Equation 7 .36], we have that
for any α, β ∈ Φ, λ ∈ K * , µ ∈ K. Denote this relation by (R) . Let u = x α (λ) ∈ U α and set m(u) = m −α (−λ −1 ), as in the proof that (G, (U α ) α∈Φ ) is an RGD system.
Also let x = x β (µ). We claim that the integer given by φ sα(β) (m(u) −1 xm(u)) − φ β (x) is independent of µ. We know that this quantity equals
by (V1) and (V4). This quantity is indeed independent of µ and so (VRGD3) follows.
Note that when α = β we have s α (β) = s α (α) = −α. Thus
by (V1) and (V4), so (VRGD4) holds. Thus, all the axioms are satisfied and
Since (G, (U α ) α∈Φ , (φ α ) α∈Φ ) is a VRGD system one can use [W, Theorem 14 .38] to conclude that G has an affine BN -pair (B a , N ), with affine Weyl group W a = N/B a ∩ N . By [AB2, Theorem 6 .56] one gets an affine building ∆ on which G acts strongly transitively with respect to G.Σ 0 . If one makes the further assumption that K is complete with respect to the metric induced by ν, then by [W, Theorem 17.7 and 17.9] one knows that G in fact acts strongly transitively on ∆ with respect to the complete apartment system. Since Q p is complete, one can apply Corollary 2.4 to the setup of g(Q p ) acting on the corresponding building ∆.
Of course, by virtue of (G, (U α ) α∈Φ ) being an RGD system, there is also a spherical BN -pair (B, N ) with spherical Weyl group W = N/B ∩ N . Looking at the construction of the affine and spherical BN -pairs, one sees that the subgroup N is the same in both cases, namely N = m α (λ)|α ∈ Φ, λ ∈ K * ; see [S, Lemma 22] and [W, 14.3] . Also, T a ⊆ T , where
By [S, Lemma 22(b, c) ] W is isomorphic to the Weyl group of the root system Φ (thus the name), and so any w ∈ W acts as an orthogonal transformation on the Euclidean vector space E spanned by Φ. We will see in the next section that it will be useful to think of W interchangeably as both the quotient N/T and as the Weyl group of the root system Φ, acting on E. We also note that W a is in fact the affine Weyl group associated to Φ, though we will not use this explicitly.
Strongly transitive subgroups of g(Q p ) have torsion
The goal of this section is to establish Proposition 1.1. Let G = g(Q p ), with affine BN -pair (B a , N ) and affine Weyl group W a , and let ∆ be the canonical affine building associated to G as described in the previous section. We restate the proposition:
Proposition 4.1. No torsionfree subgroup of G acts strongly transitively on ∆.
By Corollary 2.4 it suffices to exhibit a non-trivial element w in W a = N/T a such that all representatives of w in N have finite order in G. Recall that T a ≤ T , so if there exists n in N \T such that all elements of the coset nT have finite order, then also all elements of the non-trivial coset nT a will have finite order. We may thus shift our search to the spherical Weyl group W = N/T . In fact it does happen that W can be realized as a subgroup of W a , though we will not need to use this explicitly.
First some additional setup is necessary. Let N ≥ N 0 := m α (1)|α ∈ Φ and let [S, Lemma 20(a) ],
Proof. The proof is similar to [S, Lemma 22(b, c) ]. Define a homomorphism φ 0 :
To check this is well-defined one checks that the relations in W are satisfied in N 0 /T 0 . Note that
But this is just T 0 since m α (1)m β (1)m α (1) −1 = m sα(β) (c) by [S, Lemma 20(b) ], where c = ±1. If c = −1 one must also again use the fact that T 0 m α (−1) = T 0 m α (1). These relations define W , so φ 0 is well-defined, and is clearly surjective.
In particular, m α1 (1) . . . m α k (1) ∈ T and so by the proof of [S, Lemma 22(c) ], w = 1. Thus, φ 0 is an isomorphism.
Now one can establish a criterion on w whereby all representatives in N will have finite order. 2 = 1, so everything in T 0 has order 1 or 2. Since m must divide the order of n 0 , we know that n 0 has order m or 2m. Now let h be any element of T .
Here each ǫ i is either 1 or -1, since n 0 ∈ N 0 and m α (1) −1 = m α (−1). Note that since n 0 represents w in W , we have that w = s α1 . . . s α k . Using the Chevalley relation
one gets that n 0 h = h w(β1) (λ 1 ) . . . h w(β ℓ ) (λ ℓ )n 0 . Repeating this, one gets that
This last step follows since T is abelian. Now, for any j and for any weight γ,
Since w is an orthogonal transformation and {, } is bilinear, Note that this proves something stronger. Every representative has finite order, and in fact they all have the same order, either m or 2m. It is a quick exercise to check that such a w exists, in fact any Coxeter element of W will work, as seen in [H, Section 3.16 Lemma] . For completeness we will prove the reverse implication of Theorem 4.3, though it is not needed to prove Proposition 4.1.
Proof of reverse implication. Let K = Q. Suppose 0 = v ∈ E is a 1-eigenvector. (We chose K = Q but in fact, any K that is not an algebraic extension of a finite field will work; we just need an element with infinite multiplicative order; for K = Q we have used the number 2.) Suppose this equals 1 for some r. Then by [S, Lemma 19(c) By the same argument as before, this equals 
